A simple algorithm is proposed which defines the Bonferroni index as the product of a row vector of individual population shares, a linear mathematical operator called the Bonferroni matrix and a column vector of income shares. This algorithm greatly simplifies the decomposition of the Bonferroni index by income sources or classes and population subgroups. The proposed algorithm also links the Bonferroni index to the concepts of relative deprivation and social welfare and leads to a generalization where the traditional Bonferroni and Gini indices are special cases. The paper ends with an empirical illustration based on EU-SILC data for the year 2008.
Introduction
Despite the great relevance of Kolm's (1976) remarks in the citation above, it is clear that the degree of popularity of the different inequality indices that have been proposed in the literature is related to the ease which with they can be grasped by a non-specialist. The Gini index thus remains the most commonly used index because it has a simple graphical interpretation in terms of the Lorenz curve, a diagrammatic tool that any layman can understand. This is also why it remains more popular than entropy related indices such as the two Theil indices or than the family of so-called Atkinson indices, not to mention the Bonferroni index whose definition even specialists of the field tend to ignore.
One may however wonder why the Bonferroni index has been overlooked for so many years. It is only in recent years that some authors attempted to rehabilitate this measure of inequality (e.g. Tarsitano, 1990; Aaberge, 2000; Giorgi and Crescenzi, 2001; Piesch, 2005; Aaberge, 2007; Chakravarty, 2007; Bárcena and Imedio, 2008; Imedio-Olmedo et al., 2011) . Aaberge (2007) in particular drew our attention to several attractive properties of the Bonferroni index, or more precisely of what he called "scaled conditional mean curve" which is just another name for the Bonferroni (1930) curve, from which the definition of the Bonferroni index is derived. He thus stressed that since the scaled conditional mean for a given percentile p is the ratio of the mean income of the poorest 100p% of the population and the overall mean, it yields important information on poverty, assuming the poverty line has been determined. Aaberge (2007) also emphasized the fact that in the case of a uniform distribution, the scale conditional mean curve becomes the diagonal and represents hence a useful reference line (in addition to the perfect equality line or to the case of maximal inequality). Aaberge showed in particular that if the Bonferroni curve intersects the diagonal once from below (single intersection), the corresponding distribution exhibits lower inequality than the uniform distribution below the intersection point and higher inequality than the uniform distribution above this intersection point. The Bonferroni curve which, like the Lorenz curve, is bounded by the unit square is also strongly related to the shape of the underlying distribution curve F: when F is convex (strongly skewed to the left), the Bonferroni curve is concave, and when F is concave (strongly skewed to the right), the Bonferroni curve is convex. Aaberge (2007) proved also that the Bonferroni index satisfies the principle of diminishing transfers (see Kolm, 1976, and Shorrocks and Foster, 1987) for all strictly log-concave distributional functions and the principle of positional transfer sensitivity (see Mehran, 1976) for all distributional functions. Finally the Bonferroni index may also be interpreted in terms of relative deprivation (see Chakravarty, 2007) .
The Bonferroni curve and index seem therefore to have quite nice properties and one may indeed wonder why it did not become more popular. One reason is certainly related to the fact that the Bonferroni index does not obey Dalton's principle of population (see Bárcena and Imedio, 2008) . A second element that seems to have been detrimental to the Bonferroni index is that its decomposition by income sources or population subgroups is rather cumbersome (see Tarsitano, 1990 ). The present paper will however propose a new algorithm to compute the Bonferroni index which should make such a breakdown much easier to implement as well as much more attractive. This paper is therefore an extension to the Bonferroni index of the results derived by Silber (1989) for the Gini index.
The following section thus shows that, as in the case of the Gini index (see Silber, 1989) , the Bonferroni index can be expressed in matricial form via what we call the Bonferroni B-matrix. Section 2 then shows 4 how the use of such a B-matrix greatly simplifies the decomposition of the Bonferroni inequality index by income sources. Sections 3 and 4, again using the B-matrix, then extend the analysis to the breakdown of inequality by income classes and by population subgroups. Section 5 presents some results on the link between the Bonferroni index and the concept of deprivation while section 6 gives a matricial expression to the social welfare function that lies behind the Bonferroni index. Section 7 proposes a generalization of the B-matrix and proves that both the Gini and the Bonferroni indices are special cases of such a generalization. Section 8 provides a short empirical illustration based on the European Union Statistics on Income and Living Conditions (EU-SILC) data set for the year 2008, while concluding comments are given in section 9.
Defining a " B -matrix or "Bonferroni matrix"
The Bonferroni curve (see Bonferroni, 1930 ) is defined as follows. Assume n individuals, let i x be the income of individual i arranged in ascending order. Let
be the share of income of individual i in total income, where x is the mean income in the whole population. Let us plot on the horizontal axis, like for the Lorenz curve, the cumulative population shares
On the vertical axis we plot not the cumulative income shares (as in the case of the Lorenz curve) but the ratio of the cumulative income shares over the cumulative population shares. In other words we plot the following values:
The Bonferroni index is then defined as the area lying between the Bonferroni curve and the horizontal line at height 1 (see Figure 1 ). 
be the mean of the first i incomes which, as before, are ranked by increasing values.
We may then rewrite (1) as
It is then easy to verify that expression (3) may be also written as
refers to the absolute Bonferroni index of inequality (see Chakravarty, 2007) .
Note that, using (4), A B may be also expressed as
This formulation of the absolute Bonferroni index was in fact already suggested by Chakravarty (2007) .
Combining (4) and (5) we derive that
Expression (6) may also be written as
and, as a consequence,
It is then easy to derive that (8) may be also expressed in matricial form as
where ' u is a 1 by n row vector of n elements all equal to 1, s a n by 1 column vector of the income ranked by increasing values, and B a n by n matrix which may be written as where ' e is a 1 by n row vector of the n individual population shares which are evidently all equal to ) / 1 ( n and B , henceforth called the B-matrix or Bonferroni matrix, is defined as
In other words B is defined as
Note that the B -matrix may be defined as follows: assuming that i refers to the line and j to the column, its typical element ij b is equal to 0 if
The decomposition of the Bonferroni index by income sources
Let us now call ij x the income that individual i receives from income source j and assume that there are m sources of income. Let ij s be the share , it is easy to derive that expression (11) may be also written as Expression (15) shows therefore that the Bonferroni index can be expressed as the sum over all income sources j of the product of three elements:
for income source j which measures in a way the correlation between income source j and total income 4 .
The decomposition of the Bonferroni index by income classes
Let us now assume that the (total) income data are available by income classes. There are K income classes (e.g. 10 deciles) and in each income class h there are h n individuals so that
. Let us also partition the B -matrix into 2 K submatrices so that the B -matrix may be written as , having each h n elements. The product Bs e' defined in (11) may now be written, using well-known rules on partitioned matrices, as
Using (17) it is then easy to derive that the within-income classes inequality WITH B is expressed as
while the between income classes inequality BET B will be written as In other words the within-income classes Bonferroni index is equal to the sum over all K income classes of the product of the population share, income share, Bonferroni index and correction factor 5 for each income class p 6 . 5 See the appendix for a detailed formulation of the numerator and denominator of this correction factor.
6 One may remember that the within-income classes Gini index is equal to the sum over all income classes of the population share, income share and Gini index for each income class p (see, Silber, 1989) . There is thus no "correction factor" in the case of the within-income classes Gini index. 
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It is important to note that B WITH is not equal to the weighted sum of the Bonferroni indices of the different income classes since expression (22) may be also written as is a consequence of the fact that the Bonferroni index does not obey Dalton's principle of population.
Let us now take a look at the definition of the between-income classes inequality BET B defined in (19).
Let us in particular express the two components of this between-income classes inequality which deal with the comparison of groups p and q . Using (19) the sum pq S of these two components may be written as
As an illustration, assume that there are five individuals. Income class p is the first (poorest) income class and it includes the first two individuals (the two poorest individuals) while income class q will be assumed to be the second income class and to include the next three individuals. It is then easy to verify that
Similarly one can write that
It is then easy to derive that the sum
will be expressed as 
The decomposition of the Bonferroni index by population subgroups: the case of overlapping subgroups
Let us now assume that there are m population subgroups whose incomes may overlap, in the sense that if, for example, group 1 is the poorest group (the group whose average income is the lowest of all groups) and group 2 the second poorest group, some individuals belonging to group 1 may earn more than some individuals belonging to group 2 while some individuals belonging to group 2 may earn less than some individuals belonging to group 1. Let the row vector ' e refer, as before, to the population shares ) / 1 ( n of each individual and let s represent the vector of individual income shares i s ranked by increasing values of these incomes.
Barcena-Martin and Silber
Generalization n elements are all equal to 1 s , the next 2 n elements to 2 s , etc…
We therefore assume that
Using the results of section 4 we may easily conclude that the product
is actually equal to the sum of the within and between-groups inequality. The overall Bonferroni index was however defined in (26) as being equal to . ' Bs e Given that the Bonferroni matrix is by definition a linear operator, we may write that
where WITH B , BET B and OV measure respectively the within groups inequality, the between-groups inequality and the degree of overlap between the income distributions of the different groups 7 . It should be clear that when the distributions of the groups do not overlap, OV will be equal to 0. Using (11) and (13) we may easily derive that
We can easily interpret expression (28) in terms of relative deprivation by stating that the Bonferroni index is equal to the income weighted average of the "net deprivation", ) x ( ND i , of the various individuals, where
In other words the "net deprivation" associated with a given level of income i x , ) x ( ND i , is equal to the difference between the deprivation ) x ( D i and the satisfaction ) x ( S i associated with income i x , as they are defined below.
The deprivation felt by individual with income i x with respect to individual with income j x , is given by
is greater, the closer the rank of individual j with respect to that of individual i .
The overall deprivation associated with income
so that ) x ( D i will be higher, the poorer individual i is and the marginal increase in individual deprivation is higher, the poorer the individual. On the other hand, the satisfaction felt by individual with income i x with respect to individual with income j x , ) x , S(x j i , is given by:
is constant when the individual compares himself with those poorer than him, and it is zero with respect to those with a higher income.
The overall satisfaction associated with income i x , ) x ( S i , is then written as
Note that this satisfaction ) x ( S i is higher, the richer the individual but the marginal increase in this satisfaction is smaller, the richer the individual. 9 It is then easy to check, combining expressions (29) to (33) that the net deprivation is x the "equally distributed equivalent level of income" corresponding to Bonferroni index. We then derive, combining (11) and (35), that 9 It is interesting to notice (see, Berrebi and Silber, 1985) that the Gini index G I may be also expressed as an income weighted sum of net satisfaction since it may be written as 
, which represents the proportion of individuals earning more than individual i. Here also the richer an individual, the higher her gross satisfaction, but the marginal increase remains constant. Note also that this interpretation of the Gini index in terms of income weighted net satisfactions indicates that the poorer the individual, the higher her gross deprivation, but here again the marginal increase in deprivation remains constant.
where I is the identity matrix and use is made of the fact that
Calling N the diagonal matrix whose diagonal elements are all equal to n , we then derive that
where H is a matrix defined as
Using (13) we easily find out that H is expressed as
where x is the vector of the actual incomes i x ranked by increasing values.
Combining (39) and (40) we then conclude that B E
x may be expressed as
where K is a matrix defined as
It is easy to observe that the sum of the weights in (43) is equal to ) / 1 ( n times the sum of the elements of the matrix K . Since the sum of the elements of this matrix K , is equal to n , the sum of the weights in (44) is equal to 1.
A Generalization
Let us assume a population of n individuals. We now extend expression (13) and define a "generalized Bonferroni matrix" D as a n by n square matrix whose typical element ij d is equal to 0 if
. It is easy to observe that when 1   the matrix D is identical to the Bonferroni B -matrix defined and used previously. On the other hand when 0   , the matrix D is identical to the G -matrix which is used to compute the Gini-index (see, Silber, 1989) . We may therefore define a generalized Bonferroni index GEN B as
Similarly expression (44) may now be generalized and written as
But expression (46) may be also written as
, we obtain the "equally distributed equivalent level of income" corresponding to the Bonferroni index given in (44).
, we obtain the "equally distributed equivalent level of income" corresponding to the Gini index since such a case (46) may be expressed as
which corresponds to the "equally distributed equivalent level of income " of the Gini index (see, Donaldson and Weymark, 1980) 11 .
Note also that if in (48)
and there is no inequality (the "utilitarian" approach).
Finally, when
. It is easy to observe that when
In such a limit case the "equally distributed equivalent level of income" becomes equal to the income of the poorest individual and we have the Rawlsian case.
11 Obviously if we had ranked the incomes by decreasing values expression (49) would have become
which is expression (11) in Donaldson and Weymark (1980) .
An Empirical Illustration
The empirical investigation is based on the European Union Statistics on Income and Living Conditions (EU-SILC) data set for the 2008 wave. We focus on disposable income in Spain and Sweden. These are two quite different countries since Spain is characterized by a higher degree of inequality in disposable income and a smaller level of state intervention as far as welfare policy is concerned (see Brandolini and Smeeding 2008) .
Decomposition of inequality by income sources
Disposable money income includes net income from work, other private income not related to work, pensions and other social transfers. Net money income includes all income sources received by the household and by each of its current members in the year preceding the survey. Social insurance contributions, pay-as-you-earn taxes and non-money income that may be received by the household are not included in this definition of income.
Since a given level of household income will correspond to a different standard of living depending on the size and composition of the household, we adjust for these differences using the modified-OECD equivalence scale 12 13 . The decomposition of the Bonferroni inequality index by income sources will be based on five income sources:
1. Old-age and survivor's benefits (oldbenefits), 2. Benefits other than old-age and survivor's benefits (otherbenefits), 3. Income from rental of a property or land (property), 4. Interest, dividends, profit from capital investments in unincorporated business (interest), 5. Income available before including sources 1 to 4 (incomebefore)
As mentioned previously we compare results based on the Spanish and Swedish data. It turns out that inequality, measured via the Bonferroni index, is higher in Spain (0.42) than in Sweden (0.33). Table 1 shows the share of each income source in total income. In both countries "incomebefore" represents the largest share in total income (77% in Sweden and almost 81% in Spain). As a whole, benefits have similar shares in total income in both countries, but the share of old age benefits ("oldbenefits") is substantially higher in Spain. Column 3 in Table 1 gives the degree of inequality of the distribution of the various income sources. In Spain there is more inequality in the distribution of "otherbenefits" and "incomebefore" than in Sweden. The greatest difference in inequality concerns "oldbenefits" since for this source the Bonferroni index is equal to 0.59 in Sweden and to only 0.30 in Spain. But, as stressed previously, the degree of inequality of the distribution of a given income source does not represent its contribution to overall inequality. The contribution of a given income source to total inequality, as shown in (15), is equal to the product of the share of this source in total income, the Bonferroni index for this source and the "Bonferroni correlation coefficient" for this same source. The contributions of the various income sources are given in column 5 of Table 1 . The components whose contribution to total inequality is higher than their share in total income can be considered as "inequality increasing". This is thus the case for "property", "interest" and "incomebefore" in Spain and Sweden, and also "oldbenefits" in Sweden. We may therefore conclude that in Spain benefits have an equalizing impact while this is true only for "otherbenefits" in Sweden. We may also observe that "otherbenefits" in Sweden have a negative Bonferroni correlation coefficient. This clearly implies that in this country "otherbenefits" are mainly received by low income households.
Decomposition of inequality by income classes
Here we divided the income distribution into five non-overlapping income classes (quintiles) and looked at the data of three countries: Spain, Sweden and Austria. We observe that in all three countries the between-classes Bonferroni index is higher than the withinclasses index (see Table 2 ). Sweden and Austria show less inequality than Spain, for both between and within-income classes inequality. When we compare Austria and Sweden we observe that the former has less within-classes inequality than Sweden, but more between-income inequality.
Decomposition of inequality in the case of overlapping groups
The decomposition of the Bonferroni index by overlapping subgroups is illustrated by classifying incomes in Portugal by degree of urbanization of the area where the individuals live. We consider three degrees of urbanization: densely populated area, intermediate area and thinly populated area. We observe that inequality between individuals living in areas of different degree of urbanization is smaller than inequality within areas with the same degree of urbanization. Inequality between groups accounts for 21.3% of total inequality while inequality within groups accounts for 38.5% and the overlapping component for 40.3%. In this case the overlapping component is the main component of inequality. This obviously implies that in poorer areas there are still individuals with an income which is higher than some of the incomes in richer areas and, conversely, in richer areas there are individuals with an income smaller than some of the incomes in poorer areas. Given the relative size of this overlapping component, we can easily conclude that such a feature is often observed.
Concluding comments
This paper proposed a simple algorithm to compute the Bonferroni index of income inequality, using what we have called the "Bonferroni matrix". More precisely we have suggested defining the Bonferroni index as the product of three elements, namely a row vector representing the individual population shares, the Bonferroni matrix, and a column vector representing the individual income shares, the individuals being ranked by increasing incomes.
Such an algorithm greatly simplifies the decomposition of the Bonferroni index by income sources, income classes or population subgroups. The paper also offers a new interpretation of the Bonferroni index in terms of relative deprivation as well as a new formulation of the Bonferroni-related welfare function. In addition, the paper gives a generalization of the Bonferroni index of which the traditional Bonferroni and Gini indices are special cases. The paper ends by a short empirical illustration, based on EU-SILC data for the year 2008. This empirical analysis proves the usefulness of the computation techniques proposed in this paper.
Appendix: The exact formulation of the correction factor C p
Assume that the first observation of group p is actually the th r observation in the whole population. Then the numerator of C p may be expressed as 
